TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 354, Number 1, Pages 363-385

S 0002-9947(01)02869-0

Article electronically published on August 21, 2001

INTERTWINING OPERATOR SUPERALGEBRAS
AND VERTEX TENSOR CATEGORIES FOR
SUPERCONFORMAL ALGEBRAS, II

YI-ZHI HUANG AND ANTUN MILAS

ABSTRACT. We construct the intertwining operator superalgebras and vertex
tensor categories for the N = 2 superconformal unitary minimal models and
other related models.

0. INTRODUCTION

It has been known that the N = 2 Neveu-Schwarz superalgebra is one of the
most important algebraic objects realized in superstring theory. The N = 2 su-
perconformal field theories constructed from its discrete unitary representations of
central charge ¢ < 3 are among the so-called “minimal models.” In the physics liter-
ature, there have been many conjectural connections among Calabi-Yau manifolds,
Landau-Ginzburg models and these N = 2 unitary minimal models. In fact, the
physical construction of mirror manifolds [GP] used the conjectured relations [Gel]
[Ge2] between certain particular Calabi-Yau manifolds and certain N = 2 super-
conformal field theories (Gepner models) constructed from unitary minimal models
(see [Gr] for a survey). To establish these conjectures as mathematical theorems,
it is necessary to construct the N = 2 unitary minimal models mathematically and
to study their structures in detail.

In the present paper, we apply the theory of intertwining operator algebras
developed by the first author in [H3|, [H5] and [H6] and the tensor product theory for
modules for a vertex operator algebra developed by Lepowsky and the first author
in [HLI]-[HLGE], [HLS] and [HI] to construct the intertwining operator algebras and
vertex tensor categories for N = 2 superconformal unitary minimal models. The
main work in this paper is to verify that the conditions to use the general theories
are satisfied for these models. The main technique used is the representation theory
of the N = 2 Neveu-Schwarz algebra, which has been studied by many physicists
and mathematicians, especially by Eholzer and Gaberdiel [EG], Feigin, Semikhatov,
Sirota and Tipunin [F'SST] [EST] [FS], and Adamovié¢ [AT] [A2].

The present paper is organized as follows: In Section 1, we recall the notion of
N = 2 superconformal vertex operator superalgebra. In Section 2, we recall and
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prove some basic results on representations of unitary minimal N = 2 superconfor-
mal vertex operator superalgebras and on representations of N = 2 superconformal
vertex operator superalgebras in a much more general class. Section 3 is devoted to
the proof of the convergence and extension properties for products of intertwining
operators for unitary minimal N = 2 superconformal vertex operator superalgebras
and for vertex operator superalgebras in the general class. Our main results on the
intertwining operator superalgebra structure and vertex tensor category structure
are given in Section 4.

1. N = 2 SUPERCONFORMAL VERTEX OPERATOR SUPERALGEBRAS

In this section we recall the notion of N = 2 superconformal vertex operator
algebra and basic properties of such an algebra. These algebras have been studied
extensively by physicists. The following precise version of the definition is from
[HZ]:

Definition 1.1. An N = 2 superconformal vertex operator superalgebra is a vertex
operator superalgebra (V,Y,1,w) together with odd elements 77, 7~ and an even
element p satisfying the following axioms: Let

Y(rt,z) = Z G+(7“)a:_’“_3/2,
rezZ+i

Y(rmz) = Y G (a2
TEZ+%

Y(u,z) = ZJ(n)x_”_l.
ne’

Then V is a direct sum of eigenspaces of J(0) with integral eigenvalues which
modulo 27Z give the Zo grading for the vertex operator superalgebra structure, and
the following N = 2 Neveu-Schwarz relations hold: For m,n € Z, r,s € Z + %

[L(m), L(n)] = (m—=n)L(m+n)+ 7 (m® = m)dmno,
Jm). J)] = Zminin.

[L(m), JW)] = —nJin,

Lm),G=0)] = (5 —r)G=m+r),

[Tm),GE)] = +£GEm+7),

(GHOLG )] = 2L +8) + (= () + 507 = Dirsso
GE(r),GF(s)] = 0

where L(m), m € Z, are the Virasoro operators on V and c is the central charge of
V.

Modules and intertwining operators for an N = 2 superconformal vertex opera-
tor superalgebra are modules and intertwining operators for the underlying vertex
operator superalgebra.

Note that this definition is slightly different from the one in [Al]; in [AI], V is
not required to be a direct sum of eigenspaces of J(0).
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The N = 2 superconformal vertex operator superalgebra defined above is de-

noted by (V,Y, 1,77, 77, ) (without w since

1o, 3. ., 1 1
w=L(=2)1 = S[GH(~5), G~ (- )1+ 57 (-2)1)

or simply by V. Note that a module W for a vertex operator superalgebra (in
particular the algebra itself) has a Zs-grading called sign in addition to the C-
grading by weights. We shall always use W and W' to denote the even and odd
subspaces of W. If W is irreducible, there exists h € C such that W = W% @ W1
where W0 = Drcniz Weny and Wl = ®n€h+Z+1/2 Win). We shall always use the
notation | - | to denote the map from the union of the even and odd subspaces of
a vertex operator superalgebra or of a module for such an algebra to Zs by taking
the signs of elements in the union.

The notion of N = 2 superconformal vertex operator superalgebra can be refor-
mulated using odd formal variables. (In the N = 1 case, this reformulation was
given by Barron [Bal] [Ba2|.)

We need some spaces which play the role of spaces of algebraic functions and

fields on certain “superspaces.” For [ symbols ¢1,...,;, consider the exterior
algebra of the vector space over C spanned by these symbols and denote this exterior
algebra by Cle1, ..., ¢]. For any vector space E, we also have the vector space
E[@h .. 'a@l]a
E[l‘l, .. 7mk][3017 .. '?QDZL
E[xlvxl_la cee 7xk7x];1][501a s 7@l]a

Ellzy, ..., zilller, ... 0l
E[[xlvxfla“kavx];l]][(ph"'v(pl]v
E{x1,...,xp}[e1,- .-, 0l

and

E((z1,...,xK)[e1,- .-, 01

If F is a Zs-graded vector space, then there are natural structures of modules over
the ring

Clz1, .., zk)[e1, - - -5 @1

on these spaces. The ring

(C[J?l,.. 'axk][golw' 'a@l]

can be viewed as the space of algebraic functions on a “superspace” consisting
of elements of the form (z1,...,xk;p1,...,%1) where z1,...,z; are commuting
coordinates and ¢, ..., p; are anticommuting coordinates. The other spaces can
be viewed as spaces of suitable fields over this “superspace.”

Let (V,Y,1,77,77, 1) be an N = 2 superconformal vertex operator superalge-
bra. Let

T1 =

Ty = (r
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and
Y(r,o) = Y Gi(r)z"%2
rEZ-i-%
Y(r,2) = Y Go(r)a " %2
reZ+3
We define the vertex operator map with odd variables
Y:VeV — V(@)ler, e
ULV Y(uv (l',(pl,QOQ))’U
by
Y(u, (2, 01,02))v = Y(u,2)v+ 1Y (G1(=1/2)u,z)v
+2Y (Ga(—1/2)u, x)v
+301()OQY(G1 (—1/2)G2(—1/2)’U,, J))U

for u,v € V. (We use the same notation Y to denote the vertex operator map and
the vertex operator map with odd variables.) In particular, we have

Y(Ma ((E, ¥1, 502)) = Y(/L,{E) - \/__1<»01Y(7—2a (E)
—\/—_lgogY(Tl, x) — 2\/—_1<p1<p2Y(w, x).

Also, if we introduce

+ o —P1 + \V4 _1302
410 - \/5 )
o1t V-l
SD - \/5 )

then we can write
Y, (x,01,02) = Y(ux)+¢ Y (", x)
+o Y (77,2) + 2070 Y (w, ).
We have

Proposition 1.2. The vertex operator map with odd variables satisfies the follow-
ing properties:
1. The vacuum property:
Y(la (l‘, P1, @2)) =1

where 1 on the right-hand side is the identity map on V.
2. The creation property: For anyv € V,

Y (v, (2, ¢1,92))1 € V{zlllp1, pa,

lim Y (v, (z, 01, 1=0.
(3?7&01,%2)»—)(07070) ( ( 901 802))

3. The Jacobi identity: In

(End V)[[$0,$61, T, J)l—l,.ﬁg,.ﬁ;l]”@l, @271#1) ¢2]7
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we have

) <961 — T2 — P11 — Patho

Lo

> Y(uv (xlv ®1, 902))}/(”) (x27 1/)17 11)2))

_(—p)lelllyotg (T2 P11 + patho
0 7

'Y(U7 (.132, ¢17 ¢2))Y(U7 (.231, P11, @2))
~15 (331 — o — P19 — wzwz)

=T
2 To

Y(Y(U, (xO; $1— wla P2 — 1/)2))’0, (x27 1/)17 11)2))7

for u,v € V which are either even or odd.
4. The G;(—1/2)-derivative property: For anyv € V,i=1,2,

8% Ox
5. The L(—1)-deriwative property: For any v € V,

Y(Gh(—1/2)0, (2. 01, 02)) = (i n %3) ¥ (0, (2, 01, 02)).

Y(L(~1)v, (z, 1, 92)) = a%Y(w (z,01,2)).

6. The skew-symmetry: For any u,v € V which are either even or odd,

Y(U, (1[,’, ®1, 502))1)
= (_1)\H||v\eﬂﬂL(*1)Jr<P1G1(*1/2)%/92@2(*1/2)}/’(1}7 (=2, —p1, —p2))u. O

The proof of this result is straightforward and we omit it.

We can also reformulate the data and axioms for modules and intertwining oper-
ators for an N = 2 superconformal vertex operator superalgebra using odd variables
as in the N =1 case in [Ba2] and [HM]. Here we give the details of the correspond-
ing reformulation of the data and axioms for intertwining operators.

Let W7, W5 and W3 be modules for an N = 2 superconformal vertex operator

superalgebra V' and ) an intertwining operator of type (Wlf/a,z) We define the

corresponding intertwining operator map with odd variables
V:Wi@Ws — Wa{z}er, ]
wy @we)y = Yway, (T, 91, 92))we)
by
V(wey, (7,01, p2))we) = V(way, 2)we) + e1I(G1(=1/2)wq), v)w )
+pa Y (Ga(=1/2)wry, 2)w(z)
T102Y(G1(=1/2)Ga(=1/2)w(), T)w(z)
for u,v € V. Then we have

Proposition 1.3. The intertwining operator map with odd variables satisfies the
following properties:

1. The Jacobi identity: In
HOHI(Wl 0 WQ’ Wg){l‘o, X1, .132}[(,01, Y2, 1#17 1P2]7
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we have

1 (961 — Xz — 11 — Pathy
)
To

) Y (s (o1, 1, 92)) Dy (2, s )

—(—1)lllvwlgsts (m — 1+ e+ 8021#2)
7

y(w(l)a (an wla wQ))Y(U') (1‘1, P1, 302))
| <$1 — Lo — P19 — @21?2)
=x5 0

T2

y(Y(U” (q“Oa Y1 — ¢17 Y2 — wQ))w(l)) (1‘2, wla wQ))a

Joruw eV and wey € Wi which are either even or odd.
2. The G;(—1/2)-derivative property: For anyv € V,i=1,2,

V(Gi(~1/2)v, (2, 01, ¢2)) = ( 0

0
8@1’ + SO’L%> y(’l}, (%9017802))'

3. The L(—1)-derivative property: For anyv € V,

V(L1 (7,01, 02)) = Vw01, 22))
4. The skew-symmetry: There is a linear isomorphism
Q: V&/Vfwz - VIZ/VSWl
such that

Q(y)(w(l)a (J), ¥1, @2))’“}(2)
— (_1)\w(1)||w(2)\exL(—1)+<p16‘1(—1/2)+¢2G2(—1/2)

'y(w(Q); (efmxa —¥1, —802))11’(1)

Jor wy € Wi and w(gy € Wa which are either even or odd.

The proof of this result is similar to the proof of Proposition[[2l and is omitted.

2. UNITARY MINIMAL N = 2 SUPERCONFORMAL VERTEX
OPERATOR SUPERALGEBRAS

In this section, we recall the constructions and results on unitary minimal N =
2 superconformal vertex operator superalgebras and their representations. New
results needed in later sections are also proved. We then introduce in this section a
class of N = 2 superconformal vertex operator superalgebras and generalize most of
the results for unitary minimal N = 2 superconformal vertex operator superalgebras

to algebras in this class.
The N =2 Neveu-Schwarz Lie superalgebra is the vector space

Pcr.e P cateo P cG ePci,eco

nez re€zZ+3 reZ+3 nez
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equipped with the following N = 2 Neveu-Schwarz relations:

L L] = m = 1)L + (= )
o] = S0

(L, Jn) = —ndmn,

Ln GE = (5 —7) G

[Jm,G,ﬂF] = iGiw,

GFGT] = 2Lyt (r= Mg+ 507 = Do
67, GE] = 0

for m,n € Z, r,s € Z + % For simplicity, we shall simply denote the N = 2
Neveu-Schwarz Lie superalgebra by ns(2) in this paper.

We now construct certain representations of the N = 2 Neveu-Schwarz Lie su-
peralgebra. Consider the two subalgebras

nst(2) = PCrL.ePcetoPca,; o @Cn,

n>0 r>0 r>0 n>0
ns(2) = PcerL.adpceoPee,; o,
n<0 r<0 r<0 n<0

of ns(2). Let U(-) be the functor from the category of Lie superalgebras to the
category of associative algebras obtained by taking the universal enveloping algebras
of Lie superalgebras. For any representation of ns(2), we shall use L(n), n € Z,
G*(r),reZ+ %, and J(n), n € Z, to denote the representation images of L,,, G
and J,,.

For any ¢, h, q € C, the Verma module My (9)(c, h, q) for ns(2) is a free U(ns~(2))-
module generated by 1. 4 such that

nst(2)1epn, = O,
L(0)1cng = hlchg,
Cleng = clenyg,
J0)eng = qlepg-

There exists a unique maximal proper submodule Ju4(2)(c, h, q) of the Verma mod-
ule Myg2)(c, h,q). It is easy to see that when ¢ # 0, 1.0, G*(—=3/2)1.0,0 and
L(—2)10,0 are not in Jy4(2)(c,0,0). Let

Ln5(2) (Cv ha Q) = Mn5(2) (Cv ha Q)/Jns(Q) (07 hv Q)

and

Vns(Z) (C, 07 0) = Mns(2) (C, 0, 0)/<G+ (—1/2)107070, G~ (_1/2)1C,O,O>
where
(GT(=1/2)1c00, G (=1/2)1c00)
is the submodule of My4(2)(c, 0, 0) generated by G*(-1/2)1.0,0. Then Lys(2(c,0,0)
and Vj5(2)(c, 0, 0) have the structures of vertex operator superalgebras with the vac-

uum 1.0, the Neveu-Schwarz elements G*(—3/2)1.,0,0 and the Virasoro element
L(—2)1¢,0,0 (see [AI]).



370 YI-ZHI HUANG AND ANTUN MILAS

In [EG], Eholzer and Gaberdiel showed, among other things, that among vertex
operator superalgebras of the form Ly4(2)(c,0,0), the only ones having finitely many
irreducible modules are the “unitary” ones Lyg(2)(cm,0,0) for nonnegative integers
m, where ¢, = 72—:’_12 The following result was proved by Adamovié¢ in [Al] and

[A2] using the results obtained Adamovi¢ and Milas [AM], Feigin, Semikhatov and
Tipunin [EST| and Doerrzapf |[D]:
Theorem 2.1. The vertex operator superalgebra Lyg2)(c,0,0) has only finitely
many irreducible modules (up to isomorphisms) and every module for Lyg2)(c,0,0)
is completely reducible if and only if

3m
m+2
where m is a nonnegative integer. A set of representatives of the equivalence classes
of irreducible modules for Lyg(2)(cm,0,0) is

C=Cpyp =

{Lus(2)(cm, B, Qgﬁk)}j,kel\!%, 0<j,kjth<m

_ (135
whereN%—{§,§,§,...}and
. 1
Bk — Jk — %
m m+2’
gk o= Ik
m m+2°

For any m > 0, we call the vertex operator algebra Lys2)(cm,0,0) a unitary
minimal N = 2 superconformal vertex operator superalgebra.
Proposition 2.2. Let j;, k; € N%, 1=1,2,3, satisfying 0 < j;, ki, ji + ki < m and
Y an intertwining operator of type
(2.1) ( Luns(z) (e, W3 ", qf2™) )
Lns(Q) (Cma hgﬂll’kl ) q%’kl)Lns(Q) (Cmv h%’kzv qif217k2)

Then we have:
1. For any

W(1) € Lug(a)y(Cm, hI3FT, gl1 )
and
W(2) € Lug(2)(Cm, B2, g227),

d3.k3 _pd1ik1 _piosk o ks i
V(way, w)wezy € A AT AT L o) (e, R gl ) ((21/2).

2. Let A = hisks — hivkr — pizk2 gnd w) =1 ki, 1 = 1,2,3, the

lowest weight vectors in Lyg(2)(Cm, hiiki qliski) . Then the map Y is uniquely
determined by the maps

Jirki dis
o g

(way)-a-1,
(G+(_1/2)w(1))7A71/27
(G™(=1/2)wy)-a-1/2,
(GT(=1/2)G(=1/2)w))-a
from the 1-dimensional subspace of Wa spanned by wo) to the 1-dimensional
subspace of W3 spanned by ws). That is, if these maps are 0, then J = 0.
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3. If qfﬁ”% 18 not equal to one of the numbers q%’kl + qiﬁ’k?, qgrlbxkl + qgrzb,kz 1
and qi’,&”“ + qiﬁ;kz + 1, then the space

k Jk
n5(2) (Cwmhi,?; 3 7qJ3 3)

k k
nq(2)(cm,hrrlt 11(1n )L|\5(2)(Cmahzr% 27(1{3 2)

of intertwining operators of type (24) is 0. If ¢Jz'%3 = giv-F1 4 gizk2 £1 it is
at most 1-dimensional. If ¢J3:% = gi1-*1 4 gi2-k2 it is at most 2-dimensional.

Proof. Conclusion [T]is clear since the three modules are irreducible.

Conclusion Pl can be proved similarly to the proof of the similar statement in the
N =1 case in [HM]. Here we give a different proof.

Suppose that

(2.2) (w(1))-a-1w(2),

(2. 3) (G+(—1/2)w(1))—A71/2w(2),
(2.4) (G~ (=1/2)w))—a—1/2w(2),
(2.5) (GT(=1/2)G7 (=1/2)w())-aw(z)

are all equal to 0 but ) # 0.
Using the associator formula (obtained by taking residue in z; in the Jacobi
identity defining intertwining operators)

V(Y (u, xo)w, x2) = Y (u, z0 + x2)Y(w, x2)

—(—1 )\uIIwIReS x—l(;(i

—x0

) P(w,2)Y (u, 1)

repeatedly, we see that ) = 0 if Y(w(yy,x) = 0. Thus Y(w(),z) # 0.
Using the commutator formula (obtained by taking residue in xg in the Jacobi
identity defining intertwining operators)

Y (u, 1) V(w, 25) — (=) (w, 20)Y (w, 21)
= Res,, x5 16 (%) V(Y (u, zo)w, z2)
2

together with the N = 2 Neveu-Schwarz algebra relations, the L(—1)-derivative
property and the definition of the lowest weight vector w;) repeatedly, we see that
V(wy,z) = 0 if Z2)-(ZH) are all equal to 0. Thus these four vectors cannot be
all 0. We have a contradiction.

We prove Conclusion[3 now. By Conclusion Bl we need only estimate the number
of nonzero vectors in the set of four vectors (2.2)—(25).

We need the following;:

Lemma 2.3. The following equalities hold:

(2.6) @M (way) - 1wy = (@™ + @) (way) - a-1w),
(2.7) g3 " (GF (=1/2)w (1)) —a—1/2w(2)

= (g™ + qu’kz + 1)(GH(=1/2)w(1))—a—1/2w(2),

(2.8) g3 " (GF (=1/2)w (1)) —a—1/2w(2)
(Jl,kl _‘_quxkz_ (G ( 1/2) ) A—1/2W(2),
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(2.9) gl * (G (—1/2)G™ (—1/2)wa)) - aw(e)
= (@™ + 2" (GT(-1/2)G (=1/2)w))—aw)
( h]l,kl +q]17k1)(w(1))—A—1w(2)-

Proof. A straightforward calculation gives

J(0)(w(1))—a—1we) = (@F + ¢227) (wa)) —a—1w),

J(0)(GH(=1/2)w(1))—a—1/2w(2)
(qh,lﬁ +qu,k2+1)(G+( 1/2)11)(1))_A_1/2w(2)7

J(0) (G+(—1/2)w(1))_A_1/2w(2)
= (" + g™ = 1)(GT(=1/2)way) —a—1/2w2),

J(0)(GT(=1/2)G™ (=1/2)wq)) - aw(z)
= (g™ + @2 ™) (G (=1/2)G (—1/2)w()) —aw)
+(2RI" + gl M) (w(ry) - a—1w ).

But on the other hand, note that (2.2)-([@2.35) are all (zero or nonzero) constant
multiples of wsy and thus all have U(1) charge ¢/3**s. So we have [26)-(29). O

We prove Conclusion Bl using this lemma now. If ¢/3'*3 is not equal to one of the
numbers gJ1-k1 4 gizk2 givk 4 ogiake 1 and ¢JvR 4 gJ2:k2 + 1) then from (2.6)-
[239), we conclude that ([2:2)—(2.5) are all equal to 0. Thus the space of intertwining
operators is 0.

IF g = gk + gk + 1, then by (@30, @) and E3), €2, @) and €3)
must be 0. Thus there is at most one nonzero vector (Z.3)). So the dimension is at
most 1.

Similarly in the case of gf3'** = gJ1-#14-gJ2:%2 —1, we can show that (w(1))—a—1w(2),
E2), @3) and @H) must be 0 and thus the dimension is at most 1.

If gj3-ks = gikr 4 @iz k2 then by @7) and (Z8), (Z3) and @4) must both be
0. Thus we have at most two nonzero vectors (Z2) and (1)) and the dimension is
at most 2. (|

Remark 2.4. In the proofs above we do not use the particular properties, except the
irreducibility, of Lue(a) (¢, hJ*, qdi*), i = 1,2,3. Thus the conclusions of Propo-
sition 22 remain true if we replace c,, by an arbitrary ¢ and Lyg(2)(cm, hiski qdikiy,
i =1,2,3, by Lys(2)(c,0,0)-modules Lyg2)(c, hi, qi), i = 1,2,3, if Ly, 2)(0 hi, qi)
are irreducible.

Definition 2.5. An irreducible module for Lyg(2)(c,0,0) is said to be chiral (anti-
chiral) if

Gt (-1/2w =0, (G~ (-=1/2)w=0)
where w is a nonzero lowest weight vector of the module.

Note that in the case ¢ = ¢, we have only finitely many chiral (anti-chiral)
modules.
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Corollary 2.6. Assume that Lyg)(Cm., hiiki givk) s chiral or anti-chiral. Then
the dimension of the space

Ln5(2) (C7n7h£3’k3)
Lus(2)(Cm,h7d *1 )Lns(2) (cm,hi2F2)

18 at most 1.
Proof. Assume that Lug(2)(cm, hi1**, gJ1-F1) is chiral. Then
(G+(_1/2)w(1))—A—1/2w2 =0.
We claim that in this case
(2.10) (GT(=1/2)G™ (=1/2)w(1))—aw(z) = 2(wi))—a—1W(2)-
In fact, the commutator formula for G*(—1/2) and G~ (—1/2) gives
Gt (-1/2)G™(=1/2) = -G~ (=1/2)G"(=1/2) + 2L(-1).
Thus
(2.11)
(G (126 (~1/Du)-aws = —(G(~1/2)G* (~1/2)wq)-aws
+2(L(-Dwq))-aw2
2(L(—1)w())—aws.

From the L(—1)-derivative property for intertwining operators, we obtain

(L(-Dwa))-a = (wa))-a-1-
Thus the right-hand side of (ZTT]) becomes 2(w(1))-a—1w(2), proving (ZI0). On
the other hand, from (Z6) and (Z8)), we see that the vectors (w(1))-a—1w2 and
(G™(=1/2)w(1))—a—1/2w2 cannot be nonzero at the same time. Thus in this case,
the dimension of the space spanned by the four vectors (2:2)-(235) is at most 1.
Equivalently, the corollary is proved. O

Remark 2.7. Note that the operator J(0) plays an essential role in the proofs of
Conclusion Bl in Proposition 22 and Corollary 2.8,

Remark 2.8. After the first version of the present paper was finished, we received
a preprint [A3] from Adamovi¢ in which the fusion rules for Lys(2)(cm,0,0) are
calculated explicitly and a stronger complete reducibility theorem is proved. But
for the purpose of the present paper, we shall not need these stronger results.

Combining Theorem [2.1] and the second or third conclusion of Proposition 2.2]
we obtain

Corollary 2.9. The unitary minimal N = 2 superconformal vertex operator su-
peralgebras are rational in the sense of [HLI], that is, the following three conditions
are satisfied:
1. Every module for such an algebra is completely reducible.
2. There are only finitely many inequivalent irreducible modules for such an al-
gebra.
3. The fusion rules among any three (irreducible) modules are finite. O

We also have

Proposition 2.10. Any finitely-generated lower truncated generalized module W
for Lys(2)(cm,0,0) is an ordinary module.
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Proof. The proof is the same as the corresponding result in [HM]. We repeat it here
since it is simple. Suppose that W is generated by a single vector w € W. Then
by the Poincaré-Birkhoff-Witt theorem and the lower truncation condition, every
homogeneous subspace of U(ns(2))w is finite-dimensional, proving the result. O

Let m;, 1 = 1,...,n, be positive integers and let
V= Ln5(2) (cml )0, 0) - Ln5(2) (Cmnaov 0)

From the trivial generalizations of the results proved in [FHL| and [DMZ] to vertex
operator superalgebras, V is a rational N = 2 superconformal vertex operator
superalgebra, a set of representatives of equivalence classes of irreducible modules
for V' can be listed explicitly and the fusion rules for V' can be calculated easily.
We introduce a class of N = 2 superconformal vertex operator superalgebras:

Definition 2.11. Let m;, i = 1,...,n, be positive integers. An N = 2 supercon-

------

vertex operator subalgebra isomorphic to Lns(2)(¢m,,0,0) ® -+ ® Lns(g)’(cmn ,0,0).

Proposition 2.12. LetV be an N = 2 superconformal vertex operator superalgebra
in the class Cp,,;...m.,,. Then any finitely-generated lower truncated generalized V -
module W is an ordinary module.

Proof. The proof is similar to the proofs of Proposition 3.7 in [H2] and Proposi-
tion 2.7 in [HM]. Here we only point out the main difference. As in [H2] and
[HM], we discuss only the case n = 2. Similar to the proofs of Proposition 3.7
in [H2] and Proposition 2.7 in [HM], using the Jacobi identity, the N = 2 Neveu-
Schwarz relations, in particular, the formulas [GT(—1/2),G~(-1/2)] = 2L(-1),
(GT(-1/2))? = (G=(=1/2))? = 0, and Theorem 4.7.4 of [FHL], we can reduce our
proof in the case of n = 2 to the finite-dimensionality of the space spanned by the
elements of the form

(2.12)
AL(-1)" I (~1)™GH(~1/2) G (~1/2)"ull));, Bu})

OC(L(=1)2J(~1)" G+ (~1/2)% G (~1/2)"u ) ;, Dul})

li,lo € N, my,mo, k1, ko, ks, kg = 0,1, J,J2o €2, t=1,...,¢, ] = 1,...,d, where
A (or C) are products of operators of the forms L(—a); (or L(—a)2), J(—a)1 (or
J(—a)2), a € Zy, and GE(—b); (or GE(=b)2), b€ Z+ 3, B (or D) are products of
operators of the forms L(a); (or L(a)s), J(a); (or J(a)z2), a € Zy, and G*(b); (or
GE(b)2), beZ+ %, where uE;)), j=1,...,d,1=1,2, are homogeneous elements of
V such that the Lys(2)(cm,,0,0)-submodules generated by them are isomorphic to
L(cmi b g™ ) for some 1,85 € N1 satisfying 0 < rj, sj,r; +s; < m; with the
images of ug)), 7=1,...,d,i=1,2, as the lowest weight vectors and such that V'

is isomorphic to the direct sum of these submodules, and where wgg, t=1,...,c,
i = 1,2, are homogeneous elements of some irreducible Lys(2)(cm,,0,0)-modules.
Because of the L(—1)-property, we may assume that Iy = Iy = 0. Because W is
lower truncated, there are only finitely many elements of the form (ZI2) of the
fixed weight. Thus W is a V-module. |
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3. THE CONVERGENCE AND EXTENSION PROPERTY FOR PRODUCTS OF
INTERTWINING OPERATORS

In this section, we study products of intertwining operators for the unitary min-
imal N = 2 superconformal vertex operator superalgebras. The main result is the
following:

Theorem 3.1. Let m be a positive integer. Then intertwining operators for the
vertex operator superalgebra L(cy,,0,0) satisfy the convergence and extension prop-
erty for products of intertwining operators introduced in [H1].

An immediate consequence is a similar result for the vertex operator algebras in
the class Cp,.....m.,, . See Theorem .71

Instead of proving Theorem Bl by deriving differential equations with regular
singularities satisfied by the matrix elements of products of intertwining operators of
lowest weight vectors, as in [H1], [HL7] and [HM], we use the so-called anti-Kazama-
Suzuki mapping [FST], which reduces the problem to the study of intertwining
operators for a vertex operator algebra constructed from an ;[2 integrable lowest
weight representation.

First we give some auxiliary constructions and discuss some results obtained
using the so-called “anti-Kazama-Suzuki mapping” (introduced in [EST]).

Fix a positive integer m. As before, we let ¢, = W?’L—TQ and denote the unitary
minimal N = 2 superconformal vertex operator superalgebra by Lys(2)(cm, 0,0).

Let L be a rank one lattice generated by « with the bilinear form (-, -) given by
(o, ) = —1,
and let | = L ®z C. As in [FLM], we have a vertex superalgebra
Vi = S(.)®C[L).

Note that V7, is super since L is odd and V7, does not satisfy the grading-restriction
conditions for the grading obtained from the usual Virasoro elements for lattice
vertex algebras since the bilinear form is not positive definite.

Let

It can be verified easily that the component operators of the vertex operator as-
sociated to wy, satisfy the Virasoro relations with central charge 4. In particular,
the component operator for the —2nd power of x gives a Z/2-grading for V;,. With
this grading, Vi, is a Z/2-graded vertex superalgebra. However, it is easy to see
that this grading is not truncated from below. Thus Vi with @y, as its Virasoro
element fails to be a vertex operator superalgebra.

We also need the following construction of the so-called “Liouville scalar model:”
Let R be the Lie algebra with a basis a(n), n € Z, and d, satisfying the bracket
relations

[a(m), a(n)] = m5m+n,0da
[a(m),d] = 0
for m,n € Z. Let M(1,s) be the corresponding irreducible highest weight module
with central charge 1 and highest weight s. It is well-known that M (1,0) = S(R_)

2
has a vertex operator algebra structure with the Virasoro element wy;(1,0y = a(;l) .
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Consider the vertex algebra structure on M (1,0) together with a different Virasoro
element
a(=1)?  ia(-2)

Wh(1,0) = 5 + 5

A straightforward calculation shows that the vertex algebra structure on M(1,0)
together with the Virasoro element wy;(1,0) is a vertex operator algebra with the
central charge 4 (see, for example, [L] and [FF]). We shall denote this vertex
operator algebra by Viiou (the vertex operator algebra associated to the Liouville
scalar model). In addition, every M(1,s), s € C, is an irreducible Vi,;o,-module
and any Viion-module on which a(0) acts semisimply is completely reducible. We
will work only with such Vi;ou-modules, which are enough for our purposes.

The anti-Kazama-Suzuki mapping gives us a structure of an g[g—module on
Lys(2) (Cm, hEF ¢ik) @ Vi, for j,k € N%, 0 < j,k,j+k < m. Consider the vec-
tors (as in [F'ST] and [AT])

e = GT(=3/2)1,000e 7,
m+2
f o= G~ (=3/2)1c,, 00 @ €7,
h = —mlcm,o,o®a(—1)+(m+2)J(—1)1c,,,L,o,o®e°

in Lys(2)(¢m,0,0) ® V. Then the vertex operators Y'(e,z), Y (f,x) and Y (h, z) for
the Lys2)(cm,0,0) ® Vi-module Ly 2 (cm, hiE qlF) @ Vi, give a representation of
sy of level m on Lus(2)(Cm, h; 7k q2F) @ V. The main observation in [FST] is that
Lys2)(em, hi:kE q2:F) @ Vi, is completely reducible as an g[g—module. In the special
case hi:k = q{nk = 0, we obtain a vertex subalgebra of Lyg(2)(cm,0,0) ® Vi which
is isomorphic as a vertex algebra to the underlying vertex algebra of the vertex
operator algebra L5[(2)(m7 0) on the integrable highest-weight s[(2)-module of level
m and highest weight 0 (as in [Al]). The Virasoro element for L, (m,0) is given
by the Sugawara-Segal construction, and if we identify this vertex subalgebra with

L (m,0), then
WLy (m0) = Whiyuea(em,0,0) ® e’ + %J(_lylcm,o,o Qe
_mT—'—zJ( 11,00 ®@a(-1) + %1%,070 ® a(—1)%,
where WL 5 (m,0) and wr, ., ) (c.n,0,0) are the Virasoro elements for the vertex opera-

tor (super)algebras Ls[(2) (m,0) and Lyg(2)(cm, 0,0), respectively. We see that under
the isomorphism from this vertex subalgebra of Lyg(2)(cm,0,0)® VL, to L5[(2) (m, 0),
the Virasoro element in L 5[(2)(771,0) is not the image of the Virasoro element of
Lns(2) (Cma 0, O) ® VL.
To get the correct Virasoro element (as in [FST]), we consider the vertex subal-
gebra of Lpg2)(cm,0,0) ® VI generated by the element
m+2

p= /"2 (-1

5 em0,0®€’ —1c 00®a(—1)).

It is straightforward to verify that this vertex subalgebra is actually isomorphic to
VLiou- Straightforward calculations also show that Y (p, z) commutes with sly gener-
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ators. So L;[(Q)

V1, as well and we shall, for convenience, identify L S2) (m, 0)® Viion with this vertex

(m, 0)®WLioy is isomorphic to a vertex subalgebra of Lys(2)(¢m,0,0)®

subalgebra. It is easy to see that the Virasoro element of L S2) (m, 0)® Viiou is iden-
tified with the Virasoro element of Lyg2y(¢m,0,0) @ Vi. Thus L_;[(Q)(m7 0) ® VLiou
is a vertex operator subalgebra.

Now we use a key result in [FST] and [FESST] (in the case of unitary modules),
slightly reformulated in the language of vertex operator algebras:

Theorem 3.2. As a generalized L_;[(z) (m, 0) @ Viiou-module,

Ln5(2) (Cma h7 q) ® VL

decomposes as

(3.1) B DraymkeMi,s).

ke{0,1,... ,m} s€ls
where s runs through a certain infinite index set I.

Proof. The main result from [FSST], applied to the case of irreducible admissible
modules (cf. [AM]), yields a decomposition similar to the above decomposition but
with twisted admissible modules for sl(2) also appearing in BI). In the case of
unitary modules (which are admissible modules), the situation is simpler because

only ordinary unitary modules appear (see also Remark 4.7 in [FS]). So the theorem
holds. O

Remark 3.3. The proof of the theorem above illustrates why the non-unitary min-
imal models for the superalgebra ns(2) are harder to study than the unitary ones
(see also [AT]).

We know that L, (m, 0) is rational (see [FZ]). Although Vioy is not rational,

any module on which a(0) acts semisimply is completely reducible, as we mentioned
above. Any irreducible module for L ,, (m, 0) is isomorphic to Lo (m, i) for some
i € {1,...,m} and any irreducible module for V1., is isomorphic to M (1,s) for
some s € C. Thus by the result in [FHL] on modules for a tensor product of vertex
operator algebras, any irreducible module for L;[(Q) (m,0) ® Viiou is isomorphic to
L_;[(z)(m,i) ® M(1,s) for some i € {0,...,m}, s € C.

Proposition 2.7 in [DMZ] and its proof can be generalized trivially to the case
where one of the vertex operator algebra is an irrational vertex operator algebra like
VLiou, such that in particular, any Lg[(Q) (m,0) ® Vijou-module with IL;I@)(m,O) ®
a(0) (lL;I(Q)(m,O) being the vacuum vector of Lg[(Q) (m,0)) acting semi-simply is
completely reducible. Now suppose that M is such an L S(2) (m,0) ® Viiou-module.
Then it follows that M is completely reducible. So it has a decomposition

D Ms

BeB

where B is an index set. Note that here the sum might be infinite (comparing
with the rational case where this sum is always finite). Since any irreducible
Lgi(2)(m,0) ® Viiou-module is isomorphic to Lz (m,i) ® M(L,s) for some i €
{0,...,m}, s € C, Mg for any § € B is isomorphic to such a module.
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We need the following;:

Lemma 3.4. Let Y be an intertwining operator of type
( Lgya(msis) @ M(1, 55) )
Loy (myin) @ M(1,51) L g (m,i2) @ M(1, s2)
Then
y=Yo)
where V' and V"' are intertwining operators of types
( Ly (myi3) )
Ly (myin) Lgyg) (m,i2)

(M(lfl()l}\?()L 52)) ’

respectively. In particular, all fusion rules for irreducible modules for L;I(Q)(m, 0)®
Viiou are 0 or 1.

and

Proof. Tt is enough to show that there is a linear injective map from

L.rﬁ(2) (m,iz)®@M(1,s3)
(L i) (myin) @M (1,81)) (L 5y 5 (m,i2) @M (1,52))

the space of intertwining operators of type
< Lg[(g)(m7i3) ®M(1553) >
L;[(Q) (m, il) ® M(l, 81) Lg[(Q) (m, ig) ® M(l, 82)

to
L2y (Msi3) ® M(1,s3)
Lﬁ(g)(mvil)[‘;{@)(me) M(1,s1)M(1,s2)’
Lo (myiz) M(1,s: . .
where VL;[(z)(m,il)LA (msia) and VM((L/:E))M(L@) are the space of intertwining op-

1(2)

erators of type (La(g)(Lﬂitﬁ;(Ln;:;)(m,ﬂ)) and (M(lj,\fl()l}\j[?’()l,sz))’ respectively. But this
follows from Proposition 2.10 in [DM7Z] which in turn is a consequence of a result
in [FHL] on irreducible modules for a tensor product vertex operator algebra and a
result in [F7Z] giving an isomorphism between a space of intertwining operators and

a certain vector space. Since the fusion rules for irreducible L, (m, 0)-modules

s(2)

are 0 and 1 (see [FZ]) and the same is true for irreducible Vi iou-modules, the lemma
is proved. O

Remark 3.5. Note that this result should be very useful in calculating the fusion
algebra for Lyg(2y(cm, 0,0) since every such intertwining operator for Lyg(2)(cm, 0, 0)
factors as a tensor product of an intertwining operator for vertex operator algebra
L S(2) (m,0) and an intertwining operator for the vertex operator algebra associated
to the Heisenberg algebra. In the present paper, the exact values of the fusion rules
are not what we are interested in and thus we shall not calculate them here. (After
the first version of the present paper was finished, we received a preprint [A3] from
Adamovic¢ in which the fusion rules for Lys2)(cm,0,0) are calculated explicitly.)

Using Lemmas [3.4] we obtain



INTERTWINING OPERATOR SUPERALGEBRAS 379

Proposition 3.6. For fized i1,is € {1,...,m} and s1,s2 € C, if s3 # s1 + sa, the
space

VLET[(2)(m)7;3)®M(1,53)
(L3i(z) (Msi) @M (1,51)) (L 5y (g (mi2) ®M (1,52))
is 0. In particular, there are only finitely many pairs

(i3,83) € {1,...,m} x C
such that the space
L) (miiz) M (1,s3)

V(Lﬁ(z)(m,i1)®M(1,51))(L5«[(2)(m,i2)®M(1,52))
are not 0.
Proof. Let
L 52y (myiz)®M (1,83)
Y (L g1a (i) @M (1,51)) (L 51 9, (mi2) M (1,52))"
By Lemma B.4]

y=ye)"
where )’ and )" are intertwining operators of types

< L2y (m, i3) >
Loy (myin) Lo (m,ia)

and
M(]-a 33)
M(1,s1) M(1,s2))’
respectively. It is clear that if s3 # s1 + s2, )/ = 0, proving the result. O

Proof of Theorem [Z11 Let Wy, ..., W5 be irreducible Lyg(2)(cm,0,0)-modules and
Y1 and )s intertwining operators of types (W%‘VO) and (WI;VI?VS)’ respectively. Con-
sider the (formal) matrix coefficients

(3.2) (Wiays Vi(wy, 1) Vo (wiz), m2)w(s)),

where w;) € Wi, [ = 1,2,3 and w24) € W,. We shall identify W;, I = 1,2, 3, with
W, ® e® in W; ® V, and W, with W} ® €° in W} ® V. In particular, we use the
same notations w(y, | = 1,2,3, to denote wy ® e, and wE4) to denote w24) ® el

We extend intertwining operators ), and )s uniquely to intertwining operators
(denoted by the same notations Yy and )s) of types

( Wi® Vr, )
WiV, Wes@Vy)’

( Ws @ Vi, )
W@V, W V)’
respectively. By Theorem B2] W; ® Vi, I = 1,2,3, and W, ® V, are generalized

modules for LE{(Q) (m,0) ® Viiou and are completely reducible. So w;) = SR wgl’@))7

I =1,2,3, and w24) = z“:lwgg where wglk)), kE=1,...,p; | = 1,2,3,4, are

and
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elements of direct summands M, (k) (irreducible Lz sie )(m, 0) ® Viiou-modules) in W;
for i =1,2,3 or Wy for i = 4. Thus (Z2) is equal to

P1 P2 P3 Ppa

k k k
(33) 33>l Y, w2V, (wla w)uwls)),

k1=1ko=1kz=1ky=1
W . o . M(k4) Ws
where ))klws Vi b, are intertwining operators of types (Ml(k4l)W5), (Mz(kQ)Mék:;)),
respectively.
By Theorem B2, W is a completely reducible generalized module for L s )(m, 0)
® VLiou- By Proposition B6] (B3)) is equal to

P1 p2 p3 P4 ps

(3.4) Z Z Z Z Z (k4) klkr( (kl xl)kakS( (k2) ; T2)Ww él?f)S)>a

ki=1ko=1ks=1ks=1ks=1
o (k5)
where y,’jfks, y,’j;ks are intertwining operators of types (M(k1>M(k5)) (M("2)M("3>)
respectively, and Méks), ks =1,...,ps, are irreducible Lsr(2)(mv 0) ® VLiou-submod-
ules of W as L;I(Q)(m, 0) ® ViLiou-modules.
By Proposition [34]

Verrs = Vi)' ® V)"

and
ykizk}g (ykzkg) (ykzkg) 9

where ())k“ )’ and (y,’jsk )" are intertwining operators for the vertex operator al-
gebras L5I(2) (m,0) and (yklkr)" and (y,’j;ks)" are intertwining operators for the

vertex operator algebras Viiou. Thus (B4 is equal to a finite sum of series of the
form

(3:5)  (Way, Vi (1), 1) Vo (W2, 22)(3)) (W(ay y1(UJ(1 151)312@ @), T2)UW(3)),

where )71 and )72 are intertwining operators among irreducible modules for

Lg[@) (m,0) and )71 and ﬁg are intertwining operators among irreducible modules
for VLiou~

In [HLT], it was proved that intertwining operators for the vertex operator alge-
bra [/5[(2)(7717 0) satisfy the convergence and extension property for products using
the Knizhnik-Zamolodchikov equations. The convergence and extension property
for products of intertwining operators for the vertex operator algebra V1o, can be
proved trivially by a straightforward calculation. Using the convergence and ex-
tension properties for products of intertwining operators for these vertex operator
algebras and using the fact proved above that (B2) is a finite sum of series of the
form (ZH), we conclude that (3:2) is convergent when we substitute e™ 18 % for x7
with 21, 29 € C satisfying |z1]| > |22 > 0 and it can be analytically extended to an
analytic function in the region |z3| > |21 — 22| > 0 of the form

J
(3.6) 2251 (21 — 22)" f; <Z1 - 22> .
i=1

z2
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We still need to prove the following: There exists N (which does not depend on
w1y and w(g)) such that

(3.7) wt(wy) + wt(way) +5; > N,

for i = 1,...,j. The existence of N follows (as in the cases in [H2] and [HM],
respectively) from an induction argument for the N = 2 superconformal algebra.
Since any Lys(2)(cm,0,0)-module is completely reducible and since there are only
finitely many irreducible Lyg(2)(¢m, 0, 0)-modules, we need only prove the existence
in the case where Wi and W3 are irreducible. When w(;) and w() are lowest
weight vectors, is absolutely convergent in the region |z1| > |z2| > 0 and can
be analytically extended to an analytic function in in the region |z2| > |21 — 22| > 0
of the form (B:6). We choose an N such that for these lowest weight vectors, (B.7)
holds. For general w(;y and w), we use induction instead of the proof above
to show that (3.2)) converges absolutely in the region |z1]| > |22] > 0 and can be
analytically extended to an analytic function in the region |zg| > |21 — 22| > 0 of
the form ([3:6). In addition, the induction also shows that (7)) holds for the N we
choose. O

An immediate consequence of Theorem [3:1] is the following:

Theorem 3.7. Let m;, i = 1,...,n, be positive integers and V an N = 2 super-
conformal vertex operator superalgebra in the class Cy,,;... m, . Then intertwining
operators for V satisfy the convergence and extension property for products of in-
tertwining operators introduced in [HI]. d

We omit the proof since it is the same as the corresponding result in [H2| and
[HL7].

4. INTERTWINING OPERATOR SUPERALGEBRAS AND VERTEX TENSOR
CATEGORIES FOR N = 2 UNITARY MINIMAL MODELS

Let m;, « = 1,...,n, be n nonnegative integers and V a vertex operator super-
algebra in the class Cpn,;....m,,. Using Corollary 229, Proposition and Theorem
B above, and Theorems 3.1 and 3.2 in [H2], which are proved in [H2] using results
in [HLI]-[HLE] and [HI], we obtain the following:

Theorem 4.1 (associativity for intertwining operators).

1. For any V-modules Wy, Wy, Wo, W3 and Wy, any intertwining operators )Y
and Yo of types (WZV‘SV) and (WZVIj‘VJ), respectively, and any choice of log z;
and log zo,

(wgy, V1 (wiry, £1) Vo (w(ay, T2)w(s))

ap=enlogz1 gn—enlosz2 neC

is absolutely convergent when |z1| > |22| > 0 forw(y) € Wy, wy € Wi, we) €
Wa and wy € W3. For any modules Wy, W1, Wa, W3, and W5 and any
intertwining operators Vs and Y4 of types (W‘iv‘jvz) and (WZ%@)? respectively,
and any choice of log zo and log(z1 — z2),

(woy, Va(Vs(wy, To)w(ay, T2)w(s))

I'CI)L:e’IL log(zq —z2)7 z;:e” log z2, neC

is absolutely convergent when |z2| > |21 — 22| > 0 for wiy € Wy, w) € W,
wez)y € Wa and w(zy € Wi,
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2. For any V-modules Wy, W1, Wa, W3 and Wy, any intertwining operators Y

and s of types (Wlf/ﬁw) and (WZV‘;‘V?)), respectively, there exist a module W5 and

intertwining operators Vs and Y4 of types (W‘ivévz) and (WZ%@)? respectively,
such that for any z1, 22 € C satisfying |z1| > |z2] > |21 — 22| > 0 and for any

wzo) S Wé, w(1) € Wy, W) € Wy and w3y € Ws,

(wgy> V1 (w(ry, £1) Vo (way, 22)w(s) )

z'iL:E,n log z1 ,xg:e” log zo ,nER
/
= <w(0)7 y4 (y?) (w(l)a {E())U)(Q), x2)w(3)>|x6":e" log(21-22) gl =enlogz2 nERs

where log z1 = |z1| + i arg z1, log za = |22| + iarg 2z and log(z1 — 22) = |21 —
zo| +iarg(z1 — z2) are the values of the logarithms of z1, zo and z1 — z2 such
that 0 < arg z1, arg zo, arg(z1 — 2z2) < 2m.

3. For any modules Wy, Wy, Wy, W3, and Ws, any intertwining operators Vs
and Y4 of types (WT/;’VQ) and (WZV‘EVS), respectively, there exist a module Wy and

intertwining operators Y1 and Yo of types (W‘jvgv4) and (Wzvlj‘vs), respectively,
such that for any z1, 22 € C satisfying |z1| > |z2] > |21 — 22| > 0 and for any

Wiy € Wy, wiy € Wi, woy € Wa and weg) € W, the equality (Z.1) holds. O

Theorem 4.2 (commutativity for intertwining operators). For any V-modules

Wo, W1, Wa, W3 and Wy and any intertwining operators V1 and Yo of types (WT/I?V)

and (WI;V‘;*VS), respectively, there exist a module W5 and intertwining operators Ys
and Yy of types (Wzvgv) and (WKV‘;”VS), respectively, such that for any homogeneous
wEO) € Wy, way € Wi, wey € Wy and wigy € Ws, the multivalued analytic function

(Wioys Vi (wry, £1) Vo (wz), w2)w(s))

T1=2Z21, T2=22

of z1 and zg in the region |z1| > |z2| > 0 and the multivalued analytic function

(_1)|w(1>llw(2> \ <w20) , yg(w@), :cg)y4(w(1) , xl)w(3))

T1=21, Ta=22
of z1 and zg in the region |z2| > |z1]| > 0 are analytic extensions of each other. O
The notions of intertwining operator algebra in [H3|] (see also [H5] and [H6|)

and N = 1 superconformal intertwining operator superalgebra in [HM| can be
generalized easily to the following notion:

Definition 4.3. An N = 2 superconformal intertwining operator superalgebra is an
intertwining operator superalgebra W together with three elements 7+, 7= and u
such that (W€, Y,1,7", 77, 1) is an N = 2 superconformal vertex operator algebra.

Then we have

Theorem 4.4. Assume in addition that V is rational. Let A = {a;}", be the set

of all equivalence classes of irreducible V-modules. Let W ... W™ be represen-
tatives of a1, ..., am, respectively. Let
m
w=]]w*,
i=1
and let Vg3,,, for ai,az,a3 € A, be the space of intertwining operators of type

(W?f::,az). Then (W, AV, }, L, 77,77, ) (where 1, 7%, 7= and p are the
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distinguished elements of V') is an N = 2 superconformal intertwining operator
superalgebra. O

In particular, we have

Theorem 4.5. For any nonnegative integer m, the direct sum

ik ik
| | Ln5(2) (Cma hzn a(#n )
GkEN 1, 0<j k,j+k<m
2

together with the finite set
{j,keNs [ 0<j k,j+k<m},
the spaces of intertwining operators of type
Lie(2) (Cm, W3 %3, gJ3h)
<Ln5(2) (Coms W™ @*) L2y (€ms hiﬁ’b,q%’b))
for ji ki € N%, 0 < Jiki,ji + ki < m, i = 1,2,3, and the vacuum and the

Neveu-Schwarz elements of Lyg2)(¢m,0,0) is an N = 2 superconformal intertwining
operator superalgebra. O

Recall the sphere partial operad K = {K(j)}jen, the vertex partial operads
K¢ = {K°(j)};en of central charge ¢ € C constructed in [H4] and the definition
of vertex tensor category in [HL3] and [HLS]. For any ¢ € C and j € N, K¢(j) is
a trivial holomorphic line bundle over K(j) and we have a canonical holomorphic
section ;. Given a vertex tensor category, we have, among other things, a tensor
product bifunctor My for each Q € K°(2). In particular, ¢(P(2)) € K¢(2) and
thus there is a tensor product bifunctor X, p(.))-

Note that Xp(.) constructed in [HL6] can be generalized without any difficulty
to categories of modules for vertex operator superalgebras. By Proposition 212
and Theorem B77 and Theorem 3.2 and Corollary 3.3 in [H2], we obtain

Theorem 4.6. Let ¢ be the central charge of V.. Then the category of V-modules
has a natural structure of vertex tensor category of central charge ¢ such that for
each z € C*, the tensor product bifunctor Xy, p(.)) associated with 1o(P(2)) €
I~(C(2) is equal to the generalization to the category of V-modules of Mp(.y con-
structed in [HL6]. O

Combining Theorem EH with Theorem 4.4 in [HL3] (see [HLS] for the proof),
we obtain

Corollary 4.7. The category of V -modules has a natural structure of braided ten-
sor category such that the tensor product bifunctor is Mp(1y. In particular, the
category of Lins(2)(Cm,,0,0) @+ ® Lyg2)(Cm,,, 0,0)-modules has a natural structure
of braided tensor category. O

In particular, the special case V' = Lyg(2)(cm,0,0) gives
Theorem 4.8. For any nonnegative integer m, the category of modules for the
N = 2 Neveu-Schwarz Lie superalgebra isomorphic to finite direct sums of
Ln5(2)(CM7h%k7Qgr’Lk)a j,kEN%,Oﬁj,k,j+k<m,
has a natural structure of braided tensor category such that the tensor product bi-
Junctor is Mp 1. O
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